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What are Mathematical Proofs?

One answer: an approximation of understanding.

/4 . . W . Stori bout Shi E 79,
A proof is whatever convinces me. (Shimon Even, 1978) [b,°*5§i§q°,,|dmc{,“°“ v"‘] &

Logic formolizes the notion of “proof” so it can be studied using mathematics itself.

| b lood Meram o . INTRODUCTION TO
In particular this leads to MeTaMATHEMATICS. METAMATHEMATICS
A formal system is o tuple (alphobet grammar, axioms, inference rules). TR o2

A (rve) t+heorem is o sentence that has o (valid) proof :

o list of sentences whose lost sentence is the theorem such that o lgical derivation

{Irom axioms £ assumptions

every sentence is an axiom, an assumption, or derived from prior sentences.

Fundamental question:  HitBERT'S ENTSCHEIDUNGSPROBLEM

is there a procedore to determine if o sentence is a +heorem <

¥ sentence X %X or X has o prosf

NO . < do {IT:I.'. every strong enough formal system is not complete
ho sich (431 C,on IT2: every strong enough formal system cannot prove its own consistency

P rocedure exists : ¥ sentence x; ot most one of X of X hos o Proo?
1935: Church (via A-calculus)

1936 T\)ring (via Turins machines)



https://www.wisdom.weizmann.ac.il/~oded/even-stories.html

Proofs and Computation

Mathematical proofs were implicitly always about computation.
Formlod‘ing (and omswerina) the En+scheidun35problem mode this explic'ﬂ',

Compvutation is formalized via Turins machines (and other CqUiVOJQV\')' models ).

This enobles the study of CompuTagiLity Theory and ComPLEXITY THEORY

Undecidabil'\’ry of a langoage rules out any mathematical prooF.

Lomsuagqs with NovpeTeRMinisTiC WiTNESSES correspond to t+heorems with mathematical proofs:

. verifier V
A Ianauasq L is in NTIME[T] iff 3 mochine M +that runs in time T(IxI) st
theorem proof T Vi(xw =1

* Completeness: ¥ instance xel 3 T(x)-size witness w M(xw)=1I

theorem ProoF T Vixm=o0
* Soundness: V instance xg L ¥ TOx)-size witness w  M(xw)=0

The NTIME - hiearchy theotem tells ys that checking o witness may taKe arbitrarily long:
theorem: NTIME[o(T)] S NTIME[T] [ precisely: nrimelfm] & MTiMe[g(] ¥ Hime-constrociible £,q with fnn)=o(g(w) |

Hence EFFicienTLy -VERIFIABLE witnesses better capture mathematical proo(fs:

NP=CL6/N NTIME[n]) - nondeterministic Polynomiql time



Efficient Mathematical Proofs = NP

The definition of the complexity class NP (nondeterministic polynomial time):

+heotem

verifier V
L e NP ¢ 3 polynomial-time decider D sk

T

* completeness: (D ¥ instance xel 3 poly (Ix))-size  witness W

‘|'ther

m

* soundness 1 (@ ¥ instance xg L ¥ poly(ixi)- size witness w

Exoample: | = SAT

+ X iS a boolean formula  @(xi,., xn)
+ W is an assignment (0., an) € {0}

+ D checks that ¢la,,.,an)= true

V (x,1)=|
D(x w)=1

Vix,m)=0
D(x,w)=0

Hence NP coptures traditiona)l (efficient) moathematical proofs :

P(x)

PI’OVQ.\'

proof T

V(x)

verifier




Interactive Proofs

Revolvtionary ideo : the verifier may vse randomness and inferact with the prover,

Q, Fandom
i £ bt
P()() Ay V(x)
prover b, verifier
’ dQ{:iSiOV\ (\)nbovndzc‘) (QQ(—‘icienH
bit+ b honesy honest

prover - rvqri¥'|zr
An inferactive proof for o lanquage L is o poir (P,V) such that:

mote 3znem\\y:

- Pr[CP(x;0), ViGED=1]= 1. >ie
@ completeness: ¥ xe L Mz CP(x;¢), VIX;s TR et
to hove
A~ ~ false positives |-€,- £ 2 F_OE
@ Soundness: ¥xg L ¥7° .EI'[(P/\/(X;QV)>:|:\\< s < &
] 9\/

the “best" romdomness com be hardcoded in ?



Efficiency Measures

We denote by IP[ g, &, Kk, pe,ve,vr] the class of languages  that hove an IP with:

* completeness error €,

a
— k- eefo}”
* soundness error € ) b,
* Found complexity K P(x) G | V(ix)
: K
+ prover-to-verifier communication pc =2, lail prover | by verifier
) :
. vzr’\(:ie\‘-’ro-Prover commonication vc := Z',___,)b'|| Ax 5|
b _)dQC::lSiOV\
* verifier randomness vr le— £ bit b

The prover or verifier may start the interaction . (We will say who starts if it moHers,)
We count rounds from there .

prover message then verifier messoge (if prover starts)
A round consists of two messages: or

verifier message then prover messoge (if verifier starts)

We denote Ly TP the cose with no restrictions (beyond V' tuns in polynomial time)-
TP:= TP &.=0, &= 72, K=poly(n), pc=poly(n), vc=poly(n), vr = poly(n) ] .

FunpamentaL QuesTion: whot languages are in P ?



What Is The Power Of Interactive Proofs?

OBservaTion : An interactive proof is ”desenerod'e“ if the verifier

Ie,verages only interaction ot only rondomness ,

interoction
ho vyes
v no | NP | NP
3
2 yes|MA| TP

MA consists of lanquages L st
3 P°|)'-1'ime V- {VXGL 3 Poly(|XI)-S\iQ m _Er[V(x,'n';g)ﬂ] 2
VxeL ¥ poly(ix)-size _Er[V(x,Tr;g)w]»

I+ is believed that MA=NP (implied by strong PRGs ).

Hence we shovld leverage interaction and randomness SimuLtaveousty .

We wish to

understand:

Are there languages beyond NP (ond MA) that have interactive proofs ?

3
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Isomorphisms Between Graphs

Let Go=(V.E,) and G,=(VE) be two gmphs on vertices V.

def: C03q| (Go R G, are isomorphic) it 3 permvtation T:V-V sk
(Wv) e Ey, (Tf(u),TT(V)) € E, .
It so, we write G,=7(G,)

The isomorphism relation is an Eaquivarence Retation :

1t is reflexive: G= ¢ (via the identity permutation)

+ it IS symmefric: G,=-T(G) « C’o=1T-)(QI)

it is transitive: G, T, (G) A G,=T(G,) = G,=(W,M)(,)

Hence the relation Pari‘i'l'ions all gmyhs into  Eauivalence CLASSES :




Languages for Graph Isomorphism

The groph isomorphism relation induces two languoges:

GT={(G,G) [ G=G}  GNI={(GoG) | Co# G}

Exomples:
1 1 (-1 )
32
JO- SR QMRS
? 254
* 3 & 3 \l‘->5'J
1 1

5 2. ° z
. ; € GNI, Why? G, has a ‘h'iomsle
b 3 4 3

ond G, does not

TIn general: GIeNP and (NI € coNP,
Tt is not Known if GI (or GNI) js in P.

In general, it is harder tfo see

Q: How fo prove that Go#¢G, ¢

thon in The above example.



Interactive Proof for Graph Non-Isomorphism [1/2]

+heorem: GNI € 1P

P((GoG)) V((GoG.))
b < {o,}

e {Permuf«fions on vel"l'ices}

find b st H  H=mw(G)
H= (3 b

_b . Fib

Completeness: SUPPOSQ +Hhat (Go,q.)é GNI (i.e., Go-’ﬁ ql)
Then G, and G, are in different equivalence  classes :

The honest prover determines b by —Finc\’ms out which graph H is isomorphic Yo.

~

NoTE: for now we ignore. the efficiency of the honest prover .

10



Interactive Proof for Graph Non-Isomorphism [2/2]

theorem: CNT e IP

P((GoG)) V((GoG.))
b < {o,}

e {Permuf«l'ions on vertices }
_rmd "l;' st H H‘='|T(QI>)
H= G b

_b . Fib

~

Soundness : Svppose that (Go,G,)¢ GNT (i.Q., Go= G1).

The l’OJ\dOm VO\’]O\)\Q Tr(Clb) iS ide\'HCO‘ "'O TT(G,,.,):
Hence H:=T(Gy) ond b are independent,

We conclude that B [h=b]=" i’egorc\less ot how a malicious prover

chooses b based on H.

NoTe : it is crucial that b is secret, but later we study how to avoid “private rondomness',

11



Upper Bound on IP [1/4]

~ languaqes decidoble 1n polynomial space
+heorem: TP € PSPACE J'e | petynom! P

Let L€ IP, ond let (PV) be an IP for L.
We show thoat L € PSPACE.

Fix an instance X ond define Gy 1= max fk[<§,\/(><}9)>='].
P

If xel then 9c=1.

I+ suffices T te ‘ | io] spoce .
I(_‘ X¢L 'H\QV\ qx\<—l-l. .} U?{:\C 0 COMPU qx N Poynorma P

PROB LEM: we connot iterote over ALL provers 'P’ becavse

this includes Those that require large space to run

Toea: any interaction transcriph has polynomial size (the TP verifier reods it)

so we CAN iferate over all tronseripts in polynomial space

We show that the optimal prover strateqy is computable
In  polynomial space , and so is the Frobabi|i+>/ 9x

12



Upper Bound on IP [2/4]

The optimal prover is defined as follows -
P*(x, (o b ai,bi)) outputs af, thot maximizes the probability that

P* convinces V(X) conditioned on the first i rounds being (a,b, .., 0i,bi) .

cloim: P* € PSPACE — q, € PSPACE

2 oep d(x,5)
|R|
— R are the possible random strings of the IP verifier V,

- dlx,s) is the decision bit of V(x;s) when interacting with P
Note that d(x,e) is computoble in  polynomial spoce
o = P7(x, L) oy =P"(x, b)) o= P¥(x, (af b, ., ak, be)
by = VI(x,8,8Y) b, =Vixgarok)  be=V(xga, . al)

Indeed: « each invocotion of P* is In polynomial space (by assumption)

where

proof:  The optimality of P implies +Hhat gy =

- eoch invocotion of Vv IS In Polynomi&‘ time (by definition)

A(X) = |. Inticlize c:zo0. ‘
Hence 2. For each peR, c=c+ d(x,g). Funs 1in polynomial space .

13



Upper Bound on IP [3/4]

claim: P* ¢ pspace

El'oo;{: qiven o franscripi' +r=(a.,b‘,...,a;,b;) oQ | \'oondS/ define ¢

b= V(x,¢,a.)

RIxtr] := 45€R | b= V(x,3,a,a,) set of rondom strings
: consistent with (x k)
bi = V (X,?,Q\, ...,a])

Membership in RIxtr] can be checked in Polynom\a\ time | and thus polynomial space.
The Proo&\ is by (reverse) induction on iefon, .. k-1}.
Bose case js i=K-I. By definition of P*/

P*(x tr) =P (x,(ayb, .., G, b)) = arg mox ?ef]g[';’h] [ V(X8 Qi ., 0 Q)= |] ,

P* can iterate in polynomial Fint):
can ITerale In Poynomla SPQCQ | 0£‘==J-, w*:=0.

=P 2. For every possible prover message a6

over ol Prover messages 0Oy ond
4
ComPu"'( w(ay) := m . gekS[:;:*r'.\ V(x,g,a.,...,ag-\,ak) =1

o\\ random strings ¢ (b)' re08°\n3 SPO‘CQ)- IE oo w*: o * (@)
Wke)> ™ 1 =0, W = W(ry),

¥ oog.
3. Ou‘\‘rv O "



Upper Bound on IP [4/4]

claim: P* e pSPACE

M (continued)
Induchive cose is i< k1. (We assume thoat P*e PSPACE for |trl>i,)
By definition of P*
P (x b)) =P (x, (b, .,0i,b1)) = arg o geg[;'h] [V(X/?/O&\/.../ai,ai_,,/Q‘:L/..., Gy )= |]
where Qi’:z ,...,a’,f are optimal prover messoqes for (x,i—:—,y,a;+.):
bi;,. = V(x,y,a.,...,a;,a,-“ in Polynomial fime
»

Qi == P*(X, (a,by,..., Qi,bi, Qi bix )) in. polynomial . spoce . (inductive assymption)

l).m .= V(X,g’,al,.--,Gi,GiH,ai’II-) in Polynomia| Fime

*

Ok

*
P ()(/(Ql,bl,.../ai,l)i,Gi-\-I/bii-l,Qi:.,Ei-n_/...,(l:.,,bH)) in Polynomial Space ( inductive assump{-ion)
We can iterate over all prover messages 0, ond all random Sh’ings Q.

We conclude that P* is compvfable in Polyv\omiod spoace .

15



Error Reduction [1/4]

How to reduce the comple'l'eness error €. and/or Soundness ertor & o‘-\ an IP7

Tdeoa: Run the IP E times in sequence and (somehow) decide based on that,

AND -repeat

Let's discuss AND-repetition: (P,V) |

> (PAND,VAND) ]

-

¥xel ¥xel ¥ ﬁAND

Pr [< Pys0), Vars X)) =0] < 2

Br [ <Pasn, Vyolx) >=1] ¢ 2

Fix an arbitrary prover B

For ielk], immediately before the i-th interaction

PAND(X) VAND(X) 'F’AND VAND(X) P:\ND ‘\OS an ."\hmﬁl S“’O&Q 'H\O"' dQ-PQndg on g\,...,gi_| .
k | ~. Eup,s strategy vs i-th verifier
P(x) Vix;s) [ Vixse) Bm[',?',...,ga-‘] ‘= given thot prior verifiers vsed
k randomness ¢, g;_,
L The indicotor RV for the i-th verifier is
P [TE[| Vixie) Vxis) ) -
Lk zi(x/PAub,g»»vg’l) =< PAND ["g'/"vgi-'], V(x; $i) > .
’|:_ ’|— E~9~mos+ convince all verifiers: X
P(X) >| V(X/gc) ,| V(X,&.) < PAND,VAND(X} (gi)iete]) ) = Aie[e‘] Z': (X,H\ND, gn,...,gi) -
Niegesb Ategesb (PV) completeness and soundness:

o xel = Vielt] Vg9, lgr[z-.(x, Pun®),,,..8i49:)=0] € €¢
© xgL = Vielt] ¥9,.,81 ¥ Pup %[z.,(x,?;,,,,lg.,__vgi_,gi)=.]“S .



Error Reduction [2/4]

The case of PerFecT CompLETENESS (€.=0):

. per@ed' completeness is preserved : € =0

Observe that ﬂwo(")[i/?»m,gi-u] =P(x), so (Z(x,Puyp®), ?.,...,9-.))i€ [ Qre ndependent.
Pr [« Bo (%), Vawo (X ; (g.,...,yt)))=0] =P [/\ie[e] 21 (x,Punx)g, ) =0]
.- lll;l:] BlZixPng,.g)=1]=1-

£c=°

¢
|l = O

1€CE]

* soundness ertor decays exponentially: €e = &

o

NoT trve becavse RVeg
Fix Pavp . We CawnoT argue like +his

may not be ir\depende.r\-l-

~ _ L _
Fr [< E‘“”/V""D (X} (g‘r“'Yt))):‘] = Pr [/\ie[t] zi(XIPANDIg'I’“/g.l)=|] } ie-ll;l:] B‘[ Zi(%,Puy 9,80 = '] s &,

[A03]
@_ﬁ 'ﬁ'AND iS nice ]g 313:,,,.,3‘7 s4. Vie[&JVg.,mlg;,, END(i/g'/'"/gi"‘):’P\;o

lemma: ¥ Emo J nice ﬁ;:o st. P"[<§ANDIVAND(X)>=I ]S P [<ﬁ::>, VAND(X)>=| ] .
proof : P=2,, [igf en] where (5¥,..¢") maximize {.:l—[( E;,,,, [i.,.,6.1 V(x;8:)2=1].

~ ¥ N .
For nice P, , the Ris (Z-.(X,PA:D, 9‘,...,9;))36[,:] are independent, so we CAN reason as above.

17



Error Reduction [3/4]

The case of TMpPerFecT COMPLETENESS (€. v0):

The AND verifier increoses +he completeness  error : gz I-(1-€)° ¢ t-€..

=>» This option demonds small €. to be,g’\n with .

Alternatively = consider the Or verifier:  V(x;(8,.8) = Viersy V(x; )

* completeness error decays exponentially : &':= Ec
Br (<R Vor(x; (gmge)) 7701 = B [Vigp 21 Ret)g,.0) =0)= T o B2 P g0 o] ¢ T .
e soundness error increases: £ = I-(1-€5)° < b g
B [<Be,Vor (x; (gg)) =11 ¢ B [< Ef,v:;(x ;@) 21 ]
= B [Viepa 2R g ) =) = 1= T B (210 B 0= 0)
s 1= T (-¢&),

1eCt]

=>» This option demands small € to begin with.

Whot if neither & nor &< is small (e.g.&c_='/3 ond Es='/3)7.

18



Error Reduction [4/4]

Review: ConcenTRATION Bouwps

Let 2,.,2, be independent real-volued random voriables, Set 2:=12,;42i | so E[2]=1 2iqF [2i].
A concentration bound has the -Form .EI'['Z‘E[Z:“ )8] £ //Sl'\'l' small . < 2 concentrotes around its mean

e_x?.
Exomple (a Chernoff bound )’. 2\,...,2&6{0,‘} independent — ¥ Ye (o)) .El—[IZ -eLz2]| >U] <2 3

This motivates the MAT verifier :

1 .oxel
Vi i 6,-8) = 1. Set the treshold @ .= IZEstEs I+,
| 1-8c+ Es
2. For every ielt], compute b; = V(x; ). --:s :
3. If 'L"Zie.[g] bizT OV‘l'PU‘l' |, else OU'\'P\)"' 0. j_o\X¢L_

~ ~ 4 ~ \} ~ ~
For any Pu.1, 2:(%,Puag) = 2 (%, PMAIS/g'/"-,gi) for rondom ¢, ¢ and z(szms) = %Ziem zi(x,pm_s).

If P,.. is nice +hen (Zi(xzﬁﬂﬂ))iem are independent,

/E [20¢ B2 1-e ;hmn: bound
| 2,
s xel = B[P0 Vous(0>=0] = B[ 2(x R )<T] € Br[[20¢Ru-E2IR]| 2 EE] ¢ 3. o7 b (HEcES
—~a hice - - - _ b (g 2
c x@L - Br[<BY Vius007=10= B 2(x, B2 T) < B[ l2(x, Br)-E[200BE] |5 Lfsos]) ¢ 5. o7 B (€)™
ElztR.l<és \Chemoﬂé bound

2
Hence if E»12-1n78  thep €/ £ < €,
(l"’fc“ss) /
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